
8.1 & 8.2  Systems of Linear equations: Substitution and Elimination 

 

Systems of two linear equations in two variables 

 

A system of equations is a collection of two or more equations. A solution of a system in two variables is 

a pair of numbers that satisfies all the equations in the system. 

Example: 







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43

yx

yx
 is a system whose solution is the pair (1,1) 

 

 There are two types of systems: consistent ( have a solution) and inconsistent (do not have a solution)  

Consistent system can be dependent (have infinitely many solutions) and independent (have only one 

solution) 

 

System of two linear equations with two variables can be represented by two straight lines.  

In the system above one line is represented by the equation 3x + y = 4 and the other line by the equation  

x + y = 2 

If the lines intersect, the point of intersection is the solution of the system. The system is consistent 

independent. 

 If the lines are identical, then there are infinitely many solutions. Each point on the line is a solution. 

The system is consistent dependent. 

If the lines are parallel, there is no solution. The system is inconsistent. 

 

System of equations can be solved graphically (you need a very accurate graph for that), by substitution , 

by elimination (addition), using matrices (we will not study this method) and using Cramer’s Rule (we’ll 

learn it in sec 12.3).  

 

Graphical method: Carefully graph both equations in the same coordinate plane. Use graph  

                                  paper and a ruler. The intersection of the two graphs, if any, is the solution. 

Example: Solve by graphing 








2

43

yx

yx
 

Line  3x + y = 4   

           y = -3x + 4         slope m = -3, y –intercept : (0,4) 

Line  x + y = 2  

          y = -x + 2           slope m = -1, y-intercept : (0,2) 

 

 

 
 

 



Substitution method: Solve one of the equations for one of the variables, say y, substitute to  

                                  the other equation and solve for x. Then, go back to the first equation to  

                                  find value of y. 

Example: Solve 
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Elimination (addition) method:  Multiply one or both equations by suitable numbers, so that after the 

multiplication is done, coefficients of one of the variables, say x,  are opposite numbers. Add both 

equations side by side to eliminate that variable. Solve the resulting equation for y. Substitute y in one of 

the equations and solve for x. 

 

Example:  (we eliminate y) 

 
      
       

  

Multiply first equation by 4, so the coefficients of y are 4 and  -4 

 
            

              
  

Add side by side 

          

Solve for x                                                   
 

Substitute x = 2 into the first equation  

                                                                      

Solve for y                                                  
Solution: (2, 0) 

 

Remark: 

- if after substitution or elimination you obtain an equation that is always true (like 0 = 0), then the 

system has infinitely many solutions. The line represented by either equation contains all solutions 

- If after substitution or elimination you obtain an equation that is always false (like 0 = 5), then the 

system has no solutions. 

 

 

 

 

 

 

 



Systems of three linear equations with three variables 

 

Example: 















1423

523

6

zyx

zyx

zyx

 

 

Solution of such a system is a triple of numbers (a,b,c) that when substituted for x, y, z respectively, in 

each equation,  makes each equation a true statement.  

A system of three linear equation can have one solution, infinitely many solutions and no solutions 

 

System of three equations with three variables can be solved  by substitution and elimination. 

 

Substitution method 
Example: Solve 








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



1423
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6

zyx

zyx

zyx

 

1) Solve one of the equations for one of the variables (choose an equation that is easiest to solve for one 

of the variables). 

    First equation can be easily solved for x:  x = 6 - y+ z 

2) Substitute x in the remaining two equations with the expression obtained in step 1) 
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3) Simplify the two equations. Notice that the last two equations contain only y and z. 


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
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






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
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zy
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4) Solve the resulting system of two equations with two variables (y and z)  

 









82

2345

zy

zy
 

The solution is y = 3, z = -2 

5) use the first equation to find value of x: 

      x = 6 – y + z = 6 – 3 - 2 = 1 

6) The solution is (1, 3, -2) 

 

 



Elimination method 

 

Example:  Solve the system 















1225

15432

4
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zyx

 

The idea is to eliminate one of the variables by multiplying the equations by suitable constants,  adding 

two equations side by side and reducing the system to a system with two equations and two variables. 

We’ll eliminate x . 

1) Multiply the first equation by (-2) and add to the second equation 

       -2 x + 2y - 2z = 8 

        2x  - 3y + 4z   = -15 

             – y  + 2z = -7      (this is now the equation 2)  

2) Multiply the first equation by (-5) and add to the third equation 

      -5x + 5y - 5z = 20 

       5x +  y – 2z = 12 

               6y -7z = 32    (this is now the equation 3) 

3) Solve the system 









3276

72

zy

zy
 

Using elimination we get y = 3, z = -2 

4) Use the first equation to find x 

         x -3 - 2 = - 4 

         x = 1 

5) solution is (1,3,-2)  

 

Example:  (Infinitely many solutions) Solve  


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
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




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25
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Using the elimination method (eliminate x using the first equation) we get  the system 














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Solving, by elimination, the system 



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



12126
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zy
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leads to the equation 0 = 0. This means that there are infinitely many solutions. To find the solution set, 

notice that the system  reduces to   









663

25

zy

zyx
   or    









22

25

zy

zyx
. 

We get y = 2 + 2z and x = y – 5z -2 = (2 +2z) -5z -2 = -3z. 

Therefore, if z is any real number, then x = -3z, y = 2z+ 2, z = z is a solution. The solution set is 

{(x,y,z)| x = -3z, y = 2z+2, z is any real number} 



9.5  System of linear equations: determinants and Cramer’s Rule 

 

Consider a 2x2 system of equations 

       








tdycx

sbyax
 

Let’s use the Elimination method to solve this general system.   Multiplying the first equation by d and 

the second equation by (-b) gives 



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
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tbdybcxb

sdbdyadx

)()()(
 

 

Adding the equations side by side eliminates the y variable and gives the equation for x 

 btsdxbcad  )(  

When 0bcad , we can solve that equation for x: 
bcad

btsd
x




 . If 0bcad  then this last equation 

has either no solution (when 0btsd ) or infinitely many solutions (x can be any real number when 

0btsd ) 

If 0bcad , then (plugging in x to the first equation) we get, 
bcad

scat
y




  and hence, the solution of 

the system is  ,








bcad

btsd









bcad
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Note that the x and y values of the solution (if it exists) have a very similar structure. 

 

Definition:  

A 2 by 2 determinant, denoted 
dc

ba
, is defined as follows: 

bcad
dc

ba
  

Example: Evaluate 
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Note that btsd
dt

bs
    and csat

tc

sa


 

We can use this new notation to discuss the solutions of a system of two equations with two variables. 

 

 

 

 

 

 

 



Theorem (Cramer’s Rule) 

Consider a system of two equations with two variables

  
       
       

  

Let  

   
  
  

 ,     
  
  

       
  
  

   

If  0D , then the system has exactly one solution 










D

D

D

D yx ,   

If 0D and 0xD  and  0yD , then the system has infinitely many solutions 

If 0D and either 0xD or 0yD , then the system has no solutions 

 

Example:   

 

Use Cramer’s Rule to solve the system  



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1) Compute the determinant, D, 

 

of the system 
 

                     42)6(543
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


D  

Since 0D , the system has a solution. 

2)  Compute Dx and Dy 
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412

624



xD  

 

84245123
125

243
yD  

3) Write the solution:  
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Cramer’s Rule is also applicable, in modified form,  for larger systems of linear equations. We will 

discuss only systems of three linear equations with three variables.  

We start with defining a 3x3 determinant. 

 

Definition 

A 3x3 determinant, denoted 

ihg

fed

cba

, is defined as 
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Note that the 2x2 determinants are obtained by crossing out the row and the column in which the numbers 

a,b, c are. 

There are other ways to evaluate a 3x3 determinant, but we will use this method only.  

 

Example : 

Evaluate 
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Theorem (Cramer’s Rule)  

Consider the system  
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If  0D , then the system has exactly one solution 






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D

D

D

D

D

D zyx ,,   

If 0D and 0xD , 0yD , 0zD  then the system has infinitely many solutions 

If 0D and either 0xD  , 0yD , or 0zD  , then the system has no solutions 

 

Example: 

 Use Cramer’s Rule to solve the system  


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1) Compute the determinant of the system 
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Since 0D , system has exactly one solution 

 

2) Compute Dx, Dy, Dz 
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3) Write the solution 
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Example:  

Solve the system 














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1) Compute the determinant, D, of the system. 

0
42

12
5

22

42
)1(

24

41
1

242

412

511













D  

Since D = 0, Cramer’s Rule cannot be applied.  

 

Computing  Dx, Dy, Dz  shows that Dx, =Dy=Dz =0, therefore system has infinitely many solutions. We 

need to use either Elimination or Substitution method to find the solution set. This has been done earlier 

when discussing the elimination method.   

 

8.4  System of nonlinear equations in two variables 

 

An equation is nonlinear if it can’t be rewritten in the form ax + by + c = 0. 

Example:  x
2
 + 5x + y + 4 = 0 

  



A system of nonlinear equations is a system that consists of one or more nonlinear equations. 

A system of nonlinear equations can be solved using the Elimination or Substitution method. 

 

Example:  Solve   








14
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Graphical method: Graph both equations and find the intersection points. 

 

     solutions: (0,1), (4,17) 

 

Substitution method: Solve one of the equations for one of the variables, substitute into the other 

equation and solve it. 

1) First equation is already solved for y 

2) Substitute  y = x
2
 + 1 into the second equation 

                      x
2
 + 1 = 4x + 1 

3) Solve for x      x
2
 – 4x = 0 

                         x(x-4) = 0 

                         x = 0  or x = 4 

Back substitute these values to compute y 

x = 0:    y = 0
2
 + 1= 1                solution (0,1) 

x  = 4:  y = 4
2
 + 1 = 17              solution (4,17) 

 

Elimination method: can be applied only when one of the variables can be eliminated. For some systems 

it might not be possible. 

Example: Solve the system 
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Multiply the second equation by (-5) and add the equations side by side 
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x variable was elimanted. The equation simplifies to  

                         

3
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y

y
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Substituting these values of y into the second equations, we get 

If 3y , 6373 x  and 35
3

15
x  

 

and if 3y , 6373  x  and 35
3

15
x  

Therefore,  the solutions are  )3,35(),3,35(   

 


